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The primary objective of the present paper is to analyze the inﬂuence of interface stress on the elastic ﬁeld within a
nano-scale inclusion. Special attention is focused on the case of non-hydrostatic eigenstrain. From the viewpoint of prac-
ticality, it is assumed that the inclusion is spherically shaped and embedded into an inﬁnite solid, within which an axisym-
metric eigenstrain is prescribed. Following Goodiers work, the elastic ﬁelds inside and outside the inclusion are obtained
analytically. It is found that the presence of interface stress leads to conclusion that the elastic ﬁeld in the inclusion is not
only dependent on inclusion size but also on non-uniformity. The result is in strong contrast to Eshelbys solution based on
classical elasticity, and it is helpful in the understanding of relevant physical phenomena in nano-structured solids.
 2005 Elsevier Ltd. All rights reserved.
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Analysis of elastic stress in an inclusion or an inhomogeneity is a classical problem in solid mechanics and
physics (Mura, 1987). The famous work by Eshelby (1957) indicates that the resulting elastic ﬁeld inside an
ellipsoid inclusion with a uniform eigenstrain embedded into an inﬁnite solid is still uniform. Such an elegant
result provides a sound basis to micromechanics of materials. Recently, the problem of elastic inclusions has
drawn renewed interest due to the rapid development of nanotechnology. An important example is the estima-
tion of stresses due to lattice mismatch in buried quantum dots which can be used to tailor band-gap structures
of the dots so as to improve the performance of the relevant photoelectronic devices (Bimberg et al., 1999). Typ-
ically, the size of a quantum dot is well below 100 nm. An unusual feature in this case is that the elastic ﬁeld in
the small inclusion is signiﬁcantly inﬂuenced by the interface stress. Indeed, interface is eﬀectively an idealiza-
tion of the special region with small thickness between two phases in an inhomogeneous solid. For inclusions0020-7683/$ - see front matter  2005 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2005.08.007
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of small size, such as quantum dots, the eﬀect of interface stress may be quite remarkable because of the in-
creased contribution to the total energy from the interface. The same conclusion applies equally for the eﬀect
of surface stress in nano-scale solids as well. Evidence in both experiments (Wong et al., 1997; Rose et al.,
2000) and theory (Sun and Zhang, 2003; Zhou and Huang, 2004) exist which reveal that the deformation
behavior of elastic elements with nano-scale characteristic dimension is essentially size dependent.
A generic and mathematical exposition on surface/interface elasticity has been presented by Gurtin and his
co-workers (Gurtin and Murdoch, 1975; Gurtin et al., 1998). In their work, a surface/interface is regarded as a
negligibly thin object adhering to the bulk without slipping. The material constants of the surface/interface are
diﬀerent from the bulk materials. The equilibrium and constitutive equations of the bulk solid are the same as
those in the classical elasticity, but the presence of surface/interface stress gives rise to a non-classical bound-
ary condition. Utilizing this model, Miller and Shenoy (2000) examined unidirectional tension and pure bend-
ing of nano-scale bars and plates. The results are in excellent agreement with their atomistic simulation by
embedded atom method for face-centered cubic aluminum and the Stillinger–Weber model for silicon. They
thus concluded that the size-dependent deformation of elastic elements with nano-scale dimensions can be re-
ferred to the eﬀect of surface/interface stresses. Recently, a general model for ultrathin elastic ﬁlms with nano-
scale thickness was developed by He et al. (2004) rigorously from three-dimensional elasticity coupled with the
surface model proposed by Gurtin and Murdoch (1975). As to nano-scale inclusions, Sharma and his co-
workers (Sharma and Ganti, 2002; Sharma et al., 2003) provided analytical expressions for the size-dependent
strain states caused by nano-inhomogeneities (including spherical quantum dots and pores), showing that sur-
face/interface stress can signiﬁcantly alter the fundamental nature of stress state at nanometer length scales.
Moreover, Sharma and Ganti (2004) presented a general formulation for size-dependent Eshelbys tensor
for embedded nano-inclusions by taking account of surface/interface energies, and found that only inclusions
that are of a constant curvature admit a uniform elastic state. In their papers, however, explicit results are
presented only for equiaxial stress case. Yang (2004) attempted to examine the eﬀect of the surface energy
(independent of deformation) on the eﬀective modulus of an elastic composite material containing spherical
nano-cavities and found the eﬀective shear modulus and bulk modulus are not only size dependent but also
strain dependent. As pointed out by Sun et al. (2004), a constant surface stress independent of the elastic strain
should have no inﬂuence on the eﬀective shear modulus. The main result in Yang (2004) should be
reexamined.
The purpose of this paper is to examine the eﬀect of interface eﬀect on the elastic state of spherical inclusion
with uniform, non-hydrostatic axisymmetric eigenstrains. Following the work of Goodier (1933), an analytical
solution is obtained for the elastic state of spherical inclusion coupled with interface eﬀect. The result indicates
that the presence of interface stress leads to size dependence of the elastic ﬁeld, and in addition, to non-uni-
formity of the stress and strain inside the inclusion even though the inclusion is of a constant curvature. This
conclusion is in strong contrast with that predicted by the classical elasticity theory, and it can be regarded as
complementary to the analysis of Sharma and Gantis work (2004).2. Formulation of the problem
In the framework of continuum model, the interface region of a body can be modeled as a material surface
adhering to the body without slipping. The inﬁnitesimal deformation in the interior of an elastically isotropic
body is described by the common equations (Mura, 1987) asr  r ¼ 0;
r ¼ 2lðe eÞ þ k½trðe eÞI;
e ¼ 1
2
ruþ ðruÞT
h i
;
ð1Þwhere $ is the gradient operator, r, e and u denote, respectively, stress, strain and displacement, e* is eigen-
strain, k and l are Lame´ constants, and I the unity tensor. The interface has its own elastic properties and is
characterized by (Gurtin and Murdoch, 1975):
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R ¼ s0IR þ 2ðl0  s0ÞIREþ ðk0 þ s0ÞðtrEÞIR þ s0rRu;
E ¼ 1
2
Duþ ðDuÞT
h i
;
ð2Þin which R and E are interface stress and interface strain, s0 is interfacial tension, n is the outward unit vector
normal to the interface, k0 and l0 are interfacial Lame´ constants, IR and $R are unity tensor and gradient oper-
ator, respectively, deﬁned on the interface, and Du = (I  n  n) Æ $Ru where  denotes tensor product. Note
that the last term in the second equation in Eq. (2), s0$Ru, is often omitted in some published studies (Sharma
and Ganti, 2002; Sharma et al., 2003).
The problem considered in this paper is a spherical inclusion of radiusR embedded in an inﬁnite elastic body,
as shown in Fig. 1. An axisymmetric eigenstrain e ¼ e11e1  e1 þ e11e2  e2 þ e33e3  e3 is given in the inclusion,
where e1, e2 and e3 are, respectively, the base vectors along the x1, x2 and x3 directions. It is convenient to carry
out the analysis in spherical coordinates (r–h–u) with the origin at the center of the inclusion. For simplicity,
both the matrix and inclusion are assumed elastically isotropic with the same elastic modulus. Since the defor-
mation is axisymmetric about the x3-axis, the displacements will be conﬁned to meridian planes, having a com-
ponent ur along the radius r, and a component uh in the direction of increasing h . Within and outside the sphere,
the displacement, u = urer + uheh, satisﬁes the following Naviers equation (with no body forces):ð1þ KÞrðr  uÞ þ r2u ¼ 0; ð3Þ
with K = k/l and $ = er(o/or) + eh(o/roh), where er, eu and eh are base vectors along the respect coordinates.
The general formulas for the non-zero strains aree ¼ our
or
er  er þ 1r
our
oh
þ ouh
or
 uh
r
 
er  eh þ 1r
ouh
oh
þ ur
r
 
eh  eh þ 1r ur þ uh cot hð Þeu  eu. ð4ÞAccording to Hookes law, the corresponding non-zero stress isr ¼ l Kr  uþ 2 our
or
 
er  er þ l 1r
our
oh
þ ouh
or
 uh
r
 
er  eh
þ l Kr  uþ 2
r
ur þ uh cot hð Þ
 
eu  eu þ l Kr  uþ 2r
ouh
oh
þ ur
  
eh  eh. ð5ÞThis stress ﬁeld must fulﬁllssrrrter  er þ srrhter  eh ¼  1R
oRrh
oh
 Ruu þ Rhh
 þ Rrh cot h
 
er  er
 1
R
oRhh
oh
þ Rrh  Ruu  Rhh
 
cot h
 
er  eh ð6ÞFig. 1. Spherical inclusion with uniform axisymmetric eigenstrain embedded in an inﬁnite matrix.
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tensor is written asR ¼ s0 1R
our
oh
 uh
R
 
er  eh þ s0 þ 2ðk0 þ l0Þ þ s0½ 
ur
R
þ ðk0 þ s0Þ uhR cot hþ ðk0 þ 2l0Þ
1
R
ouh
oh
 	
eh  eh
þ s0 þ 2ðk0 þ l0Þ þ s0½ 
ur
R
þ ðk0 þ 2l0Þ
uh
R
cot hþ ðk0 þ s0Þ 1R
ouh
oh
 	
eu  eu. ð7Þ3. Solution of the problem
The solution to Eq. (3) can be expressed in terms of two types of spherical solid harmonical functions (Goo-
dier, 1933; Love, 1944), /, xn, asu ¼ o/
or
þ r2 oxn
or
þ anrxn
  
er þ 1r
o/
oh
þ r oxn
oh
 
eh; ð8Þwithr2/ ¼ 0; r2xn ¼ 0; ð9Þ
where the value of an is given byan ¼ 2 3nþ 1þ nKnþ 5þ ðnþ 3ÞK . ð10ÞThe general axisymmetric solution of Eq. (9) is of the formR1n¼0 bnr
n þ cn
rnþ1

 
Pnðcos hÞ; ð11Þwhere Pn(cosh) is the Legendre polynomial, with P0(x) = 1, P1(x) = x and P2(x) = (3x
21)/2, etc. For the re-
gion outside the inclusion, / and xn can take the following special forms/ ¼ c0
r
þ c2
r3
P 2ðcos hÞ; x3 ¼ c
0
2
r3
P 2ðcos hÞ ð12Þand within the inclusion, / and xn are of the form/ ¼ b2r2P 2ðcos hÞ; x2 ¼ b02r2P 2ðcos hÞ; x0 ¼ b0 ð13Þ
in which b0, b2, b
0
2, c0, c2 and c
0
2 are constants to be determined.
The continuity condition for displacements together with the equilibrium condition (6) at r = R yield six
independent equations which demandc0
R3
¼ n0e þ v0
s0
lR
;
c2
R5
¼ n1e;
c02
R3
¼ n2e;
b0 ¼ g0e þ v1
s0
lR
; b2 ¼ g1e; b02R2 ¼ g2e;
ð14Þwhere n0, n1, n2, g0, g1, g2, v0 and v1 are dimensionless constants depending not only on the bulk and interface
material properties of the elastic body but also on the radius of inclusion. The explicit expressions of these
constants are given in Appendix. Therefore, invoking the results in Eqs. (12)–(14), the displacement ﬁeld of
the inﬁnite elastic matrix is obtained asur ¼  v0s0l
R
r
 2
 r e33 þ 2e11
 
n0
R
r
 3
þ e33  e11
  3
4
n1
R
r
 5
 5þ 3K
4
n2
R
r
 3" #( )
 r e33  e11
  9
4
n1
R
r
 5
 3 5þ 3Kð Þ
4
n2
R
r
 3" #
cos 2h;
uh ¼ r e33  e11
  3
2
n1
R
r
 5
þ 3
2
n2
R
r
 3" #
sin 2h
ð15Þ
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R
r
 3
þ 2 e33 þ 2e11
 
n0
R
r
 3(
þ e33  e11
 
3n1
R
r
 5
 5þ 3K
2
n2
R
r
 3" #)
þ e33  e11
 
9n1
R
r
 5
 3 5þ 3Kð Þ
2
n2
R
r
 3" #
cos 2h;
ehh ¼  v0s0lR
R
r
 3
 e33 þ 2e11
 
n0
R
r
 3(
þ e33  e11
  3
4
n1
R
r
 5
 5þ 3K
4
n2
R
r
 3" #)
 e33  e11
  21
4
n1
R
r
 5
 3þ 9K
4
n2
R
r
 3" #
;
euu ¼  v0s0lR
R
r
 3
 e33 þ 2e11
 
n0
R
r
 3(
þ e33  e11
  9
4
n1
R
r
 5
þ 1 3K
4
n2
R
r
 3" #)
 e33  e11
  15
4
n1
R
r
 5
 9 1þ Kð Þ
4
n2
R
r
 3" #
;
erh ¼ e33  e11
 
12n1
R
r
 5
 3 2þ 3Kð Þ
2
n2
R
r
 3" #
ð16Þandrrr ¼ 4v0s0R
R
r
 3
þ l 4 e33 þ 2e11
 
n0
R
r
 3(
þ e33  e11
 
6n1
R
r
 5
 10þ 9K
2
n2
R
r
 3" #)
þ l e33  e11
 
18n1
R
r
 5
 3 10þ 9Kð Þ
2
n2
R
r
 3" #
cos 2h;
rhh ¼  2v0s0R
R
r
 3
 l 2 e33 þ 2e11
 
n0
R
r
 3(
þ e33  e11
  3
2
n1
R
r
 5
 5
2
n2
R
r
 3" #)
 l e33  e11
  21
2
n1
R
r
 5
 3
2
n2
R
r
 3" #
cos 2h;
ruu ¼  2v0s0R
R
r
 3
 l 2 e33 þ 2e11
 
n0
R
r
 3(
þ e33  e11
  9
2
n1
R
r
 5
þ 1
2
n2
R
r
 3" #)
 l e33  e11
  15
2
n1
R
r
 5
 9
2
n2
R
r
 3" #
cos 2h;
rrh ¼ l e33  e11
 
12n1
R
r
 5
 3 2þ 3Kð Þ
2
n2
R
r
 3" #
sin 2h;
ð17Þrespectively.
Similarly, the displacement ﬁeld in the inclusion is given as follows:ur ¼  2v1s0l 5þ 3Kð Þ
r
R
þ r  2 e

33 þ 2e11
 
5þ 3K g0 þ e

33  e11
  1
2
g1 þ
3K
2 7þ 5Kð Þ g2
r
R

 2  	
þ r e33  e11
  3
2
g1 þ
9K
2 7þ 5Kð Þ g2
r
R

 2 
cos 2h;
uh ¼ r e33  e11
  3
g1 þ
3
g2
r
 2 
sin 2h
ð18Þ2 2 R
5060 C.W. Lim et al. / International Journal of Solids and Structures 43 (2006) 5055–5065and the strain and stress ﬁelds areerr ¼  2
5þ 3K
v1s0
lR
 2 e

33 þ 2e11
 
5þ 3K g0

 e33  e11
  g1
2
þ 9Kg2
2 7þ 5Kð Þ
r
R

 2 	
þ e33  e11
  3
2
g1 
27Kg2
2 7þ 5Kð Þ
r
R

 2 
cos 2h;
ehh ¼  2
5þ 3K
v1s0
lR
 2 e

33 þ 2e11
 
5þ 3K g0

 e33  e11
  g1
2
þ 3Kg2
2 7þ 5Kð Þ
r
R

 2 	
 e33  e11
  3
2
g1 þ
7 2þ Kð Þg2
2 7þ 5Kð Þ
r
R

 2 
cos 2h;
euu ¼  2
5þ 3K
v1s0
lR
 2 e

33 þ 2e11
 
5þ 3K g0

þ e33  e11
 
g1 þ
3 7þ 4Kð Þg2
2 7þ 5Kð Þ
r
R

 2 	
 e33  e11
  3 7þ 2Kð Þg2
2 7þ 5Kð Þ
r
R

 2
cos 2h;
erh ¼  e33  e11
 
3g1 
3 7þ 8Kð Þg2
7þ 5K
r
R

 2 
sin 2h
ð19Þandrrr ¼  2ð2þ 3KÞv1s0
5þ 3Kð ÞR  l e

33 þ e11
 þ K e33 þ 2e11  
 l 2ð2þ 3KÞ
5þ 3K e

33 þ 2e11
 
g0  e33  e11
 
g1 
3Kg2
2 7þ 5Kð Þ
r
R

 2  	
 l e33  e11
 
1 3g1 þ
9Kg2
2 7þ 5Kð Þ
r
R

 2 
cos 2h;
rhh ¼  2ð2þ 3KÞv1s0
5þ 3Kð ÞR  l e

33 þ e11
 þ K e33 þ 2e11  
 l 2ð2þ 3KÞ
5þ 3K e

33 þ 2e11
 
g0  e33  e11
 
g1 
15Kg2
2 7þ 5Kð Þ
r
R

 2  	
þ l e33  e11
 
1 3g1 
21 4þ 5Kð Þg2
2 7þ 5Kð Þ
r
R

 2 
cos 2h;
ruu ¼  2ð2þ 3KÞv1s0
5þ 3Kð ÞR  l 2e

11 þ K e33 þ 2e11
  
 l 2ð2þ 3KÞ
5þ 3K e

33 þ 2e11
 
g0 þ e33  e11
 
2g1 þ
3 14þ 15Kð Þg2
2 7þ 5Kð Þ
r
R

 2  	
 l 3 14þ 25Kð Þ
2 7þ 5Kð Þ e

33  e11
 
g2
r
R

 2
cos 2h;
rrh ¼ l e33  e11
 
1 3g1 
3 7þ 8Kð Þg2
2 7þ 5Kð Þ
r
R

 2 
sin 2h;
ð20Þrespectively. It is obvious that the above solution contains the intrinsic length parameters s0/l, l0/l, and k0/l,
and hence, is size dependent. Also, the strain and the stress inside the inclusion is non-uniform in the sense that
it is dependent on (r/R)2. This result cannot be predicted by the classical elasticity theory.
4. Numerical results and discussion
Apparently, the size dependent nature of elastic ﬁeld in the inclusion is a result of the strain dependent
interface stress, as described in Eq. (2). Indeed, if the interface stress is ignored, i.e., s0! 0, l0! 0,
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the displacement, denoted by u0r , u
0
h, in the inclusion will beu0r ¼ r
2ð1þ KÞ
5ð2þ KÞ e

33 þ
4þ 9K
15ð2þ KÞ e

11 þ
8þ 3K
15ð2þ KÞ e

33  e11
 
cos 2h
 
;
u0h ¼  e33  e11
 
r
8þ 3K
15ð2þ KÞ sin 2h.
ð21ÞThis is exactly the same as the prediction of classical theory without interface eﬀect. To illustrate the size
dependence in a quantitative manner, the diﬀerence between ur, uh and u0r , u
0
h at the interface will be compared.
For the description of the interface one needs the constants s0, l0 and k0. Unfortunately, except that interfacial
tension s0 is known experimentally in some embedded Quantum Dot structures (Wang et al., 1999), the other
two interface parameters are currently unavailable in the literature. Miller and Shenoy (2000) have computed
free surface for aluminum and silicon by the embedded atom method (EAM), and indicated that the surface
properties can be either positive or negative, depending upon crystallographic orientation. According to their
results, the absolute values of intrinsic length s0/l, l0/l, k0/l are nearly 0.1 A˚, 1.0 A˚ and 1.0 A˚. Although the
interface and free surface are not strictly the same, they have similar physical nature (free surface can be regard
as some special interface). Since we cannot obtain systematic data of these interface parameters, as a make-
shift, in this paper we assume the relevant parameters are basically of the same orders. For convenience,
we denote d = 10s0/l = l0/l = k0/l. Fig. 2 shows the relative errors between ur and u0r at h = 0, uh and u
0
h
at h ¼ p
4
, respectively, for various values of inclusion radius, where e11 ¼ 0, e33 ¼ 0:01, K = 1.5 and d = 1.0
or 1.0 A˚ are taken. It can be seen that positive value of d causes the interface to shrink while negative value
of d causes the interface to dilate. The phenomenon cannot be predicted by the classical elasticity without con-
sidering the eﬀect of interface stress. This implies that there exists signiﬁcant local softening or hardening due
to interface eﬀect, as predicted by ab initio calculation (Zhou and Huang, 2004) or continuum model (He
et al., 2004) for a free solid surface. It is obvious that interface stress have a considerable inﬂuence on ur than
uh . For both cases, the relative errors increase with the decrease of the inclusion radius, the size dependence
becomes signiﬁcant only when the inclusion radius is below 10 nm. It should be noted that, with uniform,
hydrostatic eigenstrain, i.e., e*e1  e1 + e*e2  e2 + e*e3e3, the h-component of the displacement, uh, inside
the inclusion will disappear, and the r-component ur will beur ¼ r ð2þ 3KÞle
  2s0=R
3ð2þ KÞlþ 4l0 þ 4k0 þ 2s0ð Þ=R
. ð22ÞThis diﬀers slightly from the following result given by Sharma et al. (2003)ur ¼ r ð2þ 3KÞle
  2s0=R
3ð2þ KÞlþ 4l0 þ 4k0ð Þ=R
; ð23Þin which a term 2s0/R is missing in the denominator because the last term in the second equation in Eq. (2) has
been omitted.
Due to the eﬀect of interface, the distributions of strain and stress ﬁelds within the inclusion also depend on
the inclusion radius. An important result due to Eshelby (1957), which has played a key role in the microm-
echanics of solids, is that for an ellipsoidal inclusion with uniform eigenstrain embedded into an unbounded
matrix, the resulting strain within it is also uniform. In particular, a spherical inclusion with the uniform eigen-
strain e33e3  e3 will lead to the following uniform strain ﬁelde11 ¼ e22 ¼  2 3K
15ð2þ KÞ e

33;
e33 ¼ 14þ 9K
15ð2þ KÞ e

33;
e12 ¼ e13 ¼ e23 ¼ 0.
ð24Þ
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Fig. 2. Relative error of the displacement as a function of inclusion radius: (a) the radial component ur at h = 0 and (b) the h component at
h ¼ p
4
.
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inclusion will be no longer uniform, but depends on r and h instead. Numerical results for the distribution of
e33=e33 inside the inclusion, along the r-direction for h = 0 and h ¼ p2, are plotted in Fig. 3, where the inclusion
radius R = 5 nm and 15 nm are taken for comparison. It can be seen that the magnitude of e33=e33 for positive
d is larger than the classical result, while for negative d the magnitude is smaller. With decreasing inclusion
radius, the value of e33=e33 decreases for positive d and increases for negative d. Along the r-direction, the value
of e33=e33 decreases for positive d and increases for negative d, and reaches the minimum and maximum at the
interface (i.e. r/R = 1), respectively. A greater variation of e33=e33 along the r-direction occurs as the radius of
the inclusion decreases. It is also observed that the value of e33=e33 is almost the same for diﬀerent h. All these
facts clearly demonstrate that e33 is not only size dependent, but also non-uniform inside the inclusion. On the
other hand, for uniform, hydrostatic eigenstrain, e*e1  e1 + e*e2  e2 + e*e3  e3, the resulting strain
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Fig. 3. Distribution of strain component ez along the r-direction inside the inclusion: (a) h = 0 and (b) h ¼ p2.
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  2s0=R
3ð2þ KÞlþ 4l0 þ 4k0 þ 2s0ð Þ=R
ð25Þwill be still uniform within the inclusion, but it depends on the inclusion radius.
5. Conclusion
Incorporating the interface eﬀect, an analytical solution for a spherical inclusion embedded in an inﬁnite ma-
trix with uniform, non-hydrostatic eigenstrain is derived and discussed. The solution concludes that the strain
state of the elastic system is size dependent, diﬀering signiﬁcantly from the classic result obtained from the clas-
sical linear elasticity. Numerical computation indicates that such a size dependence is quite remarkable when
the radius of the inclusion is below tens of nanometer. Diﬀerent elastic constants of the interface may cause the
interface to either shrink or dilate, implying that there exists local softening or hardening at the interface of the
inclusion and the matrix. Another important conclusion is that interface stress results in non-uniform elastic
5064 C.W. Lim et al. / International Journal of Solids and Structures 43 (2006) 5055–5065ﬁeld inside the spherical inclusion when the eigenstrain is non-hydrostatic even if uniform. These results indi-
cate that interface stress plays a signiﬁcant role in the elastic behavior of embedded inclusions of nano-scale
size.Acknowledgement
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The dimensionless constants n0, n1, n2, g0, g1, g2, v0 and v1 in Eq. (14) are deﬁned byn0 ¼ A0g0; n1 ¼ A1g1 þ A2g2;
n2 ¼ A3g3 þ A4g4; v0 ¼ A0v1;
g0 ¼
B0
3þ c0
; g1 ¼
B1 þ b1
525þ c1
;
g2 ¼
b2
525þ c1
; v1 ¼
B2
3þ c0
;
ðA:1Þ
A0 ¼ 2
5þ 3K ; A1 ¼
3ð1þ KÞ
8þ 3K ;
A2 ¼ 5ð7þ 8Kþ 3K
2Þ
ð8þ 3KÞð7þ 5KÞ ;
A3 ¼ 5
8þ 3K ; A4 ¼
21ð1þ KÞ
ð8þ 3KÞð7þ 5KÞ ;
B0 ¼ ð5þ 3KÞð2þ 3KÞ
6ð2þ KÞ ;
B1 ¼ 70ð8þ 3KÞ
3ð2þ KÞ ;
B2 ¼ 5þ 3K
2þ K .
ðA:2Þ
b1 ¼
8ð8þ 3KÞð7þ 3KÞ
ð2þ KÞ2
k0
lR
þ 112ð8þ 3KÞ
3ð2þ KÞ
l0
lR
þ 8ð14þ KÞ
3ð2þ KÞ
s0
lR
;
b2 ¼
8ð8þ 3KÞð7þ 5KÞ
3ð2þ KÞ2
k0 þ 2l0  s0
lR
;
c0 ¼
4k0 þ 4l0 þ 2s0
ð2þ KÞlR ;
c1 ¼
2k0
lR
5ð112þ 33KÞ
3ð2þ KÞ þ
4ð8þ 3KÞð7þ 5KÞ
3ð2þ KÞ2
2l0 þ s0
lR
" #
þ 2l0
lR
35ð28þ 9KÞ
3ð2þ KÞ þ
4ð8þ 3KÞð7þ 5KÞ
3ð2þ KÞ2
2l0 þ 5s0
lR
" #
þ 2s0
lR
5ð98þ 27KÞ
3ð2þ KÞ 
4ð8þ 3KÞð7þ 5KÞ
3ð2þ KÞ2
s0
lR
" #
.
ðA:3Þ
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